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Abstract 

For two isomorphous structures, the joint probability 
distribution function of seven pairs of structure factors 
has been derived. The vectorial indices of the reflexions 
are the basis and the cross vectors of a quartet invariant. 
The atomic positions are assumed to be the primitive 
random variables. The characteristic function of the 
distribution is expanded in a Gram--Charlier series: the 
distribution of the structure factors is first obtained by a 
Fourier transform operation and then modified into the 
exponential form. 

1. Notation 

The notation is basically the same as that used in the 
paper by Giacovazzo, Cascarano & Zheng (1988) (GCZ 
from now on). Some notation changes and new 
symbols are, however, necessary: they are defined in the 
text. 

2. Introduction 

The integration of direct methods with isomorphous 
replacement techniques was initiated by Hauptman 
(1982). The joint probability distribution of the triplet 
invariant was derived when one pair of isomorphous 
diffraction data is available. In that probabilistic 
approach, the primitive random variable is the ordered 
triple (h, k, l) of reciprocal vectors, which is assumed to 
be uniformly distributed over the subset of vectors 
satisfying the condition 

h + k + l = 0 .  (1) 

Then, the structure factors of the native and the 
isomorphous derivative are functions of the primitive 
random variables h, k, I, so that they are themselves 
random variables. 

In Hauptman notation, the normalized structure factors 
of the native and of the derivatives are 

N 
E h = IEhl exp(iq~h)= (1/a~/02) ~ fj exp 2~rihr/ 

j=l 
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and 

N 1/2 Gh = [Ghl exp(i~'h) = (1/Or02) ~ g2 exp 2rrihrj, 
j=l 

respectively, where 

N 
 mn= E ffg;. 

j=l 

The main points of the Hauptman paper are: 
(a) the joint probability distribution 

e(~b h, lph, IEhl, IGhl ) (2) 

was found, from which the conditional distribution 

P(Ch --  h[IEhl, IGhl) 

was derived; 
(b) the joint probability distribution function 

e(t~l ,  q~2, ¢3, ~1, ~r2, ~t3, RI,  R2, R3, S1, $2, S3) (3) 

was derived, where ~Pl, ~b2, ¢3, ~Pl, ~'2, ~'3 stand for 4~h, 
tPk, tPl, ~'h, ~k, ~1, respectively, and R 1, R 2, R3, S1, S2, S 3 
represent IEnl, IEkl, IEiI, IGhl, IGk[, IGiI. 

The first application of the method to error-free data 
was successful (Hauptman, Potter & Weeks, 1982). The 
advantage of the method was clearly outlined by Fortier, 
Weeks & Hauptman (1984): the accuracy of the 
distribution depends on the scattering difference between 
the native protein and the derivative. 

The Hauptman approach has been revisited by 
Giacovazzo, Cascarano & Zheng (1988). The main 
points of this paper may be described as: 

(a) It was shown that the joint probability distributions 
(2) and (3) can also be obtained by considering the 
reciprocal vectors as fixed and the atomic positions as the 
primitive random variables; 

(b) Some inadequacies of the Hauptman approach 
were corrected. In particular, the parameter 

a = all/(/220a02) 1/2 

was considered a resolution-independent parameter, in 
Hauptman's paper, its value was calculated via zero- 
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134 INTEGRATING DIRECT METHODS AND ISOMORPHOUS REPLACEMENT. I 

Table 1. Differences in notation between G C Z  and this 
paper  

GCZ paper This paper 
Y123 7123 
Yl26 Y12] 
Y135 Y13~ - Yl~3 
Y~56 Y~ 
~234 )/23i ~ ~i23 
Y345 Ysi~ = YiL3 
Y246 Y2i:3 ~ Yi25 
Y456 ~'i23 
#0 #123 

~12 ~17.3 
~13 ~123 

~22 fll2J 
~23 ~i?.3 

angle scattering factors of f and g. Thus, in (3), no 
difference is made between t~h, ot k and 13/1 in spite of the 
fact that h, k and ! can have quite different resolutions. 
The final formula was 

P(¢l,  ¢2, ¢3, ~Px, ~2, ~3, RI, R2, g3, SI, 82, S3) 
3 

- H (1/Tr2)[eiai/(1 - u2)] exp -{[  1/(1 - u/2)] 
i=1 

X In 2 + S? - 2~oieiSicos(l[r i - ¢ i ) ] }  

x exp[2~123R1R2R 3 cos(¢ 1 q- ¢2 -F ¢3) 

d- 2~i23S1R2R 3 cos(~ 1 q- ¢2 -+- ¢3) 

-+" 2fl123R1S2R3 c°s(¢l q- 1/)'2 + ¢3) 

+ 2flI2~RIR2S3 cos(¢ 1 -k- ¢2 -]- lP3) 

+ 2fll~sR1S2S3 c°s(¢l + ~P2 + @3) 

q- 2flI25S1RzS3 cos( lP I -4- ¢2 Jr- l/t3) 

q- 2~i~3S1S2R a cos(~q + ~2 + ¢3) 

-1- 2~i~5152S3 cos(1/)'l + l~r 2 -~ 1/r3) ]. (4) 

The reader will notice that we have used a notation 
slightly different from that employed in GCZ. The 
correspondence is shown in Table 1. 

(c) A formula was derived that holds when derivatives 
are obtained by addition of heavy atoms. It was shown 
that the triplet phase 

is distributed according to the yon Mises function 

P(~IRi ,  Si, i = 1, 2, 3) = [2zrl0(A)] -1 exp(A cos q~), 

where 

A = 2[cra/t73/2]eR1R2R 3 -t- 2[tY3/t73/2]H A1A2A3,  

where 
A = (E~ - E~), 

E 'p = F p / E ~n/ 2 , E'a = F a / .,V, ~/ 2 . 

Ep and E~ are the structure factors of the protein and the 
derivative, respectively, normalized with respect to the 
heavy-atom structure. 

The Hauptman mathematical approach is based on the 
preliminary calculation of the characteristic function of 
the distribution (4). Such a function was assumed to have 
exponential form. The question now is: if the character- 
istic function is expanded in a Gram-Charlier series, is 
some information lost during the subsequent calcula- 
tions? In particular, can Hauptman's or GCZ's distribu- 
tion be derived via a characteristic function expanded in a 
Gram-Charlier series? 

There are several reasons that make this problem 
relevant: 

(a) The Gram--Charlier expansion of the characteristic 
function was used (Giacovazzo, 1975, 1976) for 
estimating quartet invariants. The conclusive formula is 
different from Hauptman's formula but has equivalent 
accuracy and proved very useful in a large variety of 
applications (Altomare, Burla, Cascarano, Giacovazzo & 
Guagliardi, 1993). 

(b) The use of the Gram-Charlier expansion simplified 
the calculations necessary for the derivation of the 
quartet formula. Thus, its use could also simplify the 
calculations necessary to evaluate quartet invariants 
when isomorphous derivative data are available. The 
probabilistic theory of quartet invariants when isomor- 
phous data are available has not been settled so far. In 
order to derive the joint probability distribution of 
isomorphous data sets, Kiriakidis, Peschar & Schenk 
(1993) have applied a technique that relies on the use of 
the so-called single difference between two isomorphous 
structure factors as a variable, instead of using the 
individual structure factors separately as done by 
Hauptman and by GCZ. While this technique succeeded 
in reproducing triplet distributions, it did not provide 
accurate probability distributions for quartet invariants 
(Kiriakidis, 1993). In this paper, we aim at deriving the 
joint probability distribution of isomorphous structure 
factors defining the quartet phases. In order to do that, we 
will first derive the joint probability distribution function 

e -- e(¢l ,  ¢2, ¢3, ~1, 1/)2, 1/3"3, R1, R2, R3, $1, $2, $3) 

via Gram-Charlier expansion of the characteristic 
function and we will show that both Hauptman and 
GCZ distributions may be obtained in this way. Since the 
method allows remarkable simplifications in the calcula- 
tions, we will study by the same technique the more 
complex distribution 

e(¢h,¢k,~,¢m,¢h+k,¢h+,,¢k+l,Rh,Rk,R, . . . . .  Sh+l,Sk+ I) 

in order to derive a formula for the estimation of the 
quartet invariants when derivative data are available. In 
spite of the simplifications involved by the method, the 
calculations are rather extensive. For reader usefulness, 
the key formulas are quoted in Appendices A, B and C. In 
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the text, we will only note the strictly necessary 
intermediate results. 

3. Triplet estimation v/a the Gram--Charlier 
expansion of the characteristic function 

Let us denote by 

C(111, !)2,113,/'Zl, #2,/2'3, Pl,  /92, /93, Y,, Y2, Y3) 

the characteristic function of the distribution 

P(¢1, ¢2, ¢3, 7,1, 7,2, 1/3"3, R, ,  R 2, R 3, S, ,  82, 83). 

Vi, ll"i, Pi, }/i, for i = 1, 2, 3, are the carrying variables 
associated with ¢i, 7,i, Ri ,  Si ,  i --- 1, 2, 3, respectively. 

If the Gram-Charlier expansion of the characteristic 
function is used (Giacovazzo, 1980) up to and including 
triplet relationships, the joint probability distribution P 
may be written in the form 

P ~_ (27r)-'226R,R2R3S1S2S3 
oo oo 2~r 2zr 

x f . . .  f f . . .  f P, P2P3Y, Y2Y3 
0 0 0 0 

x exp{-i2 ' /2[plR,  cos(C, - -  11,) 
+ P2R2 COS(¢2 -- V2) + P3R3 COS(¢3 -- 113) 

--{- yl S, COS(7,1 -- I./.1) + ~282 c0s(7, 2 --/L/.2) 

+ ×3s3 cos(7,3 - m ) ] - ½ ( p ~  + p~. + p 23 

+ ~ + ~ + ~)-,~lp,×, cos(,,,- u,) 
-- 0~2P2Y2 COS(112 -- /L/'2) -- O/303Y3 COS(113 -- //'3)} 

x {1 - 2-1/2i[)]123PlP2P3 COS(111 + 112 "at- 113) 
-+" )/123PIP2)/3 COS(111 -1- 1)2 -+-//'3) 

+ YI~3Pl Y2P3 cos(vl + #2 + 113) 

"91- Y123P1Y2Y3 COS(111 + /2'2 "[- ~3) 

+ ~/i23YIP2P3 COS(//'1 -+- 112 -t- 113) 

+ Yi23}/1Y2P3 COS(//'I -'[- I1"2 + 113) 

"{- Yi23YlP2Y3 COS(/~I "+" 112 -+-/'/'3) 

+ Yi~'~ ~'2Y3 c o s ( ~  + ~2 +/z3)]} 

x dpl . . .  dy1 . . .  dv I . . .  d//. 3. (5) 

We have used in (5) a notation slightly different from that 
used in the GCZ paper. Differences are shown in Table 1. 

We first integrate the zero-order term in (5). The result 
is (see Appendices A and B) 

3 
YI (1/:rr2)[RiSi/(1 - a/z)] exp{-[1/ (1  - a/z)] 
i=1 

x [R 2 + S 2 - 2aiRiSicos(7, i -  ¢i)]}, 

which coincides with (4) when the triplet contributions 
are excluded. 

Let us now calculate the contribution to (5) arising 
from the first triplet term in (5), that is from 

--2-1/2y123PlP2P 3 COS(V 1 + !) 2 -3 t- 1)3). 

In accordance with Appendix C, we obtain the 
contribution 

3 
1-I (1/rt2)[RiSi/(1 - ot2)] exp{-[1 / (1  - ot2)] 
i=1 

X [R2i -Jv 82 - -  2 o l i R i S i c o s ( 7 ,  i - ¢i)]} ]' 
X 2Y123 (1 -- Ot 2) [R1R2R3 cos(¢l  -Jr- ¢2 -k- ¢3) 

- otlG,R2R 3 cos(7,, + ¢2 + ¢3) 

--  o t2R1G2R 3 cos(C, + 7,2 + ¢3) 

--  ° t3R1R2G3 c°s (¢ l  + ¢2 + 7,3) 

q- ot lot2G,  G 2 R  3 cos(7,, + 7,2 -at- ¢3) 

"q- ot, o t 3 G , R 2 G  3 cos(7,1 -k- ¢2 -k- 7,3) 

+ ot20t3R1GzG 3 cos(C, + 7,2 + 7,3) 

--  OtlOt2ot3GiG2G 3 cos(7,1 -Jr- 7,2 -1" 7,3)]" (6) 

for all the triplet terms in If the calculation is repeated 
(5), one obtains 

3 
P '~" I-I(1/zr2)[RiSi/(1 - cr/2)] exp{-[1 / (1  - a/z)] 

i=1 

X [R 2 -I- S 2 - 2 o t i R i S i c o s ( 7 , i -  ¢i)]} 
x [1 + 23123R~R2R3 c0s(¢1 + ¢2 + ¢3) 

+¢2 +¢3) 
+ 7,2 +¢3) 
+¢2 + 7,3) 
+7,2+7,3) 
+ ¢2 + 7,3) 
+ 7,2 +¢3) 
+ 7,2 + 7,3)]. 

+ 213i23S1R2R3 c0s(7,1 

+ 2fll~3R1S2R3 c0s(¢1 

-4- 2fl12]R1RzS 3 cos(¢ 1 

-F 2fll~R1S2S 3 cos(¢ 1 

+ 2fli25S1RzS3 cos(7,1 

+ 2flibS1SzR3 cos(7,1 

+ 2fli~$1S2S3 cos(7,1 

The transformation 

(7) 

(1 + x) "" exp x 

makes (7) equal to (4). 
It is therefore verified that the use of the Gram-  

Charlier expansion of the characteristic function pro- 
vides, for triplet invariants, the same results derived via 
the exponential form of the characteristic function. The 
key to the method, the truncated series expansion 
expx--+ (1 + x) of the characteristic function and the 
back-transformation (1 + x) -+ expx for the distribution 
function, seems to disturb the identification of the 
probability distribution minimally. We can therefore 
expect that the method may be usefully applied to quartet 
invariant distributions. 
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4. The characteristic function of the joint probability 
distribution function of seven isomorphous pairs of 

structure factors 

Let 

C(1)1, . . . ,  1)7,/Zl . . . . .  //,7,/91 . . . .  /97, }/1 . . . .  }/7) 

be the characteristic function of the distribution 

P7 ~ P ( ~ I  . . . . .  ~b7, ~ . . . . .  ~7, R1 . . . . .  R7, S1 . . . . .  S7), 

where 

E a = R 1 exp(i~bl) = R h exp(iq~h), 

E 2 - -  R 2 exp(i~b2) -- R k exp(iCk), 

E3 = R3 exp(i¢3) -- R I exp(i4~), 

E 4 = R 4 exp(i¢4) = R m exp(iCm), 

E 5 = R 5 exp(i¢5) = Rh+ k exp(iCh+k), 

E6 "-  R6 exp(i¢6) = Rh+l exp(i4%+0, 

E7 = Rv exp(iq~7) = Rk+l exp(i4~k+0, 

Gx -- S1 exp( i~0  --" Sh exp(i~h), 

G2 -" Sz exp(i~2) -- Sk exp(i~k), 

G 3 -- S 3 exp(hP3) = S I exp(i~0,  

G4 = $4 exp(hP4) = S m  exp(i~m), 

G 5 = S 5 exp(i~5) = Sh+ k exp(i~h+k), 

G 6 - -  S 6 exp(i~6) = Sh+ ~ exp(i7%+~), 

G 7 --- S 7 exp(i~7) = Sk+ I exp(i~k+0, 

1)i, ]'Zi, Pi, }/i, for i = 1 . . . .  ,7,  are the carrying variables 
associated with ¢i, 7zi, R~, Si for i = 1 , . . . ,  7, respec- 
tively, and 

h + k + l + m = 0 .  

The characteristic function, expanded in a Gram-  
Charlier series, may be written as 

oo oo2,7 2st 14 
P7 - -  f " "  f f " "  f 1--I{(1/2yr2)RiSiPi}/i 

0 0 0 0 i=1 

x exp[-- ½(p 2 + }/~)-  i21/2pieicos(dpi-  vi) 

-- i21/2}/iS i cos(~t i  - [,Li) - otiPi}/i cos (v i  - [,zi)]} 

x {1 - 2-1/2i[}/125plpEP5 COS(V 1 -k- P2 -- 1)5) ~ O 

+ }/345P3P4P5 COS(1)3 'at" 1)4 .At- 1)5) + 0 
-nt- }/136PlP3P6 COS(Pl @ !)3 -- 1)6) -[- O 

"[- }/24602P4P6 COS(P2 -q- 1)4 q- 1)6) -[- O 

-~- }/147/01P4P7 COS(1)I -[- 1)4 + 1)7) -at- O 

1)3 - 1)7) + 0 
+ 1)2 -- 1)5) "JC 0 
+ v4 + vs) + 0 
+ 1)3 - 1)6) + 0 

-[- }/237P2P3P7 COS(1)2 -]- 
_ ! 

4 

_ 1_ cos (1)  
4 

1 2 2  ~136Pl P3/~6 COS2(Vl 

-- 41-',r 2462/"2"~2/"4t~2/-'6"~2 COS2(1)2 + 1)4 + 1)6) + O 

1, 2 ,.~2 ,~2 ,.~2 COS2(1)1 ..[_ !) 4 ._[_ 1)7) _qt- O -- ~ ,r 147F'1 h'4/J7 

-- ~ }/~37P219 2/92/9237 COS2(1)2 -~- 1)3 -- !)7) -~- O 

"-[- }/IE34PlP2P3P4 COS(1)I "[- 1)2 "~ 1)3 + 1)4) + O 

-- 1 }/125}/345PlD2P3P4p2 COS(1)I "q- 1)2 + 1)3 + 1)4) -'~ O 
1 

-- 2}/136}/246PlP20304P 2 COS(1)I "q- 1)2 "~ 1)3 "q- 1)4) "~ O 
1 
2 }/Ia7}/237PlPzP3P4P 2 COS(1)I "~" 1)2 + 1)3 "~- 1)4) -[- O 

+...}. (8) 

The number of terms in the distribution (8) is extremely 
large. We have quoted only those that significantly 
contribute to the estimation of 

t~ = ~ h  "~- ~Dk "~-t~l "~- t~m" 

We note the following. 
(i) We have used a curved arrow to represent the 

'cyclic terms' of a prototype term [only the prototypes 
are quoted in (8)]. For example: 

(a) The complete set of cyclic terms for 
}/125PlP2P5 COS(1)I + 1)2 -- !)5) (the prototype included) 
contains [see the distribution (5)] the eight terms 

~I25PlDEP5 COS(1)I "[- 1)2 -- 1)5)' ~I25PlP2Y5 COS(VI "~ 1)2 --/25), 

YlisP~ Y2Os cos(h +/z2 - us), Y~iSP~ Y2Ys cos(v~ +/z  2 - /zs) ,  

Fi25YIPzP5 COS(/Zl "k- i) 2 -- 1)5), Y'[2SYI YzP5 COS(/Zl "k-//'2 -- i)5), 

)Q23YlP2Y5 COS(/ZI "q- I)2 -- ]Z5), }~25Yl Y2Y5 COS(]~I +/Z2 --//'5)" 

In all, the distribution involves 48 different triplet terms 
and we quote in (8) only the six prototypes. 

(b) The cyclic terms of }/1234PlP2P3P4COS(1)l--[-1)2--t- 
1)3 + v4) (the prototype included) are the 16 terms 

}/1234Pl P2P3P4 COS(1)I 

}/1234Pl PzP3 Y4 COS(1)l 

}/1234Pl P2 }/3 }/4 COS(1)I 

}/1234}/1 }/2}/3}/4 COS(IZI 

+ 1)2 + 1)3 + v4), 

-~ 1)2 ~ 1)3 "]-/24), 

-[- 1)2 "~ [z3 -'[- ].z4) . . . . .  

--[- [z 2 --[-/z 3 --~ ~tz4). 

We have not quoted in (8) quartets like 

}/1267PlP2P607 COS(1)I -- 1)2 -- 1)6 "q- 1)7) -~- O 

}/1357Pl P3P5P7 COS(1)i 

}/2356P2P3 P5 P6 COS(V2 

~21456Pl P4P5D6 COS(1)l 

Y2457 P2P4P5P7 COS(P2 

- v3 - 1)5 + 1)7) + © 

-- 1)3 -- 1)5 -[- 1)6) -11- O 

- 1 ) 4 - 1 ) 5 - 1 ) 6 ) + ©  

- -  1)4 - -  1)5 - -  1)7) + O 

(9) 

Y3467P3P4P6P7 COS(V3 -- !)4 -- 1)6 -- 1)7) "~ O -  

It was shown by Giacovazzo (1975, 1976) that their 
contribution for the estimation of 

~ = 4 ~ + ~ + 4 ~ + 0 m  

is of order higher than that arising from the quartets (9). 
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(c) There are (16 x 4) cyclic terms of the prototype 
YI25Y345PlP2D3P4Pl  COS(111 at- 1)2 nt- 1)3 @ 114), which may 
be obtained by permuting on PtP2P3P4 as in (9) [16 
cases] and associating to each of them the permutations 
on p~. For example, if we select the first of the 16 
permutations in (9), we must consider the following 
terms: 

~/1251/345PllO2103f)4102 COS(1) 1 -Jl- 1)2 + 133 -Jl- 1)4), 

Y12~Y343PllO2P3P4~5 COS(111 -k- 1)2 + 1)3 "-]- 114), (10a) 

YlZ5Y345PlPZ/93PaP5Y5 COS(111 + 112 + 1)3 -~- 114 ql_ 115 -- /Z5), 

YI2~'345PlP2P3P4P5~/5 COS(111 -+- 112 "k- 1) 3 "b 114 -- 115 + /Z5) "  

In the same way, for the permutation PlP2P3Y4 in (9), we 
must consider the terms 

Y125Y3~,sPlP203Y4P 2 c°s(1)l + v2 + 1)3 + ItZ4), 

~123Y3~,~Pl/O2/O3Y4~ 2 COS(1) 1 -JI- 1)2 "{- 1)3 "~ ]/'4), 

YI25Y3?~SPlP2P3Y4PsY5 c°s(vl + 1)2 + !)3 ']- [-£4 'J- 1)5 -- [~5), 

Y125YaisPlP2P3YnPsY5 c°s(111 + 112 + 113 + [/'4 -- 1)5 +/[Z5)" 

We have not quoted in (8) (see again Giacovazzo, 1975, 
1976) terms like 

)/136~Y237PlP20607P 2 COS(1)I -- 1)2 -- 1)6 "at- 1)7) + O 
p 2 ~/125~37PI 2f)SP7f)2 COS(Vl -- 1)3 -- 1)5 nt- 1)7) -Jr- 0 

(lOb) 

since they provide a contribution of a higher order (for 
the estimation of 4)) than that arising from the quartets 
(9). In conclusion, the total number of quartet terms in (8) 
that will be involved in the next calculations is 16 + 
3(16 x 4) -- 208. 

(ii) ~'ijt are defined in the GCZ paper; Y~234 and cyclic 
parameters are defined as follows: 

N 
~/1234 = ( ~-"~1 Z 2  ~--~3 ~-'~4) -1/2 ~ f j ( h ) f j ( k ) f j ( l ) f j (m)  

j=l 

Y123,i = ( 21 E 2  2 3  24) -1/2 ~ fj(h)fj(k)fs(l)g/(m) 
j=l 

Yi~,i = (Y~'~'I Y~'~i }--~ }--~])-t/2 ~ gj(h)gj(k)gj(l)gj(m). 
j=l 

5. The contribution to P7 of some prototype terms 

There are too many terms in (8) to register the 
contribution of each single term. We therefore decided 
to calculate the contribution of the prototype terms and 
then to derive by a symmetry rule all the other useful 
contributions. 

We first integrate the term of order zero in the 
Gram--Charlier expansion (8)• We have (see Appendices 
A and B) 

7 
Po ~- I - I ( 1 / T r 2 ) [ R i S i / (  1 - c~2)1 exp{- [  1/(1 - ot2)] 

i=1 

x [R:) + S~ - 2ot iRiS icos(~  i - (pi)]}. (11) 

The contribution to P7 of the prototype quartet term 
Y1234PlP2P3P4 COS(111 + 1)2 + 1)3 "at- 1)4) is 

4 
P0 l-I[1 2 -1 --O~i] ]/1234Z1234, (12) 

i=I 

where 

Z1234 = 16[RIR2R3R4 c°s(~l  + (1)2 + ~3 + (])4) 

--  Ot lS1R2R3R4 cos(lDl at- (~2 -Jl- (~3 -Jl- ~4) 

--  ° t 2 R I S z R 3 R 4  cos((~l  + l/f2 + ~3 "Jr- ~4)  

--  o l3R1R2S3R4 cos(~bl at- (])2 -J[- 1/)3 -Ji- (])4) 

- a4RlR2R3S4 c°s((Pl + (~2 "q- 1~3 "~- 1//'4) 

n t- otlotzS1S2R3R4 cos(aP 1 n t- lP 2 -t- ~b 3 -t- ~4) 

-Jr- OllOl3S1R2S3R 4 cos (~r  I -1 t- ~2 "It- lP3 "4- (l)4) 

+ Ol lOl4S lR2g3s  4 cos(1]f I --~ ~b 2 --~ (])3 + 1]t4) 

n t- ol2013R1SzS3R 4 c o s ( ~  1 q-- 1D" 2 -t- 1/r 3 n t- ~4)  

-Ji- Ol2014R1S2S3R 4 cos((~ 1 -Ji- 1/)" 2 _qt_ 1/), 3 --t- (1)4) 

"+ ot30t4R1R2S3S 4 cos((]) I Jr- t~ 2 -Jr" ~f3 -]- l/f4) 

--  OllOl2013SiS2S3R 4 c o s ( ~  1 + 1~2 + 1]t 3 -Jr (])4) 

- OtlOt20t4SIS2R3S 4 cos(1/y 1 n t- ~t 2 -if- ~b 3 -~- ~r4) 

- ° t l ° t3°14SIR2S3S4 cos(~/rl nt- (])2 -It- 1/f3 nt- ~4 )  

__ 0120[3014R1S2S3S 4 cos(¢~ 1 .Jr_ l/f2 + ~b, 3 + l/r4) 

-a t- 011012013014S1S2S3S 4 COS(I~r 1 -a t- 1/,r 2 + l~r 3 -a t- l/r4) ]. 

The contribution to P7 of the prototype quartet term 

__(1 2 ~)Y125Y345/OI/O2P3P4P5 COS(1)I -~ 1)2 .qt_ 1)3 + 1)4) 

is [, ]1 
P0 I-i(1 - o~) Y125 Y345Z12341[1/(1 -- °t2)] 

i=1 
2 2 x [R~ + otsS 5 - 2otsRsS 5 c0s(4)5 - 7t5)] - 1}. (13) 

The contribution to P7 of the prototype quartet term 

__( 1 /9 2 COS(1) 1 "Jl- 1)2 .qt_ 1)3 + 1)4) "~ )Y125~34gPlP2P3 4]/5 

is 

Po [ i ~ (  1 - -° f2) ] - ly125Y345ZI234{[1/ (  1 - - o i l )  ] 

2 2 x [S g + otsg 5 - 2oesRsS 5 cos(~b 5 - aps) ] - 1 }. (14) 
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The contribution to P7 of the prototype quartet term 

--(1)~'125~'345PlP2P3P4P5}]5 COS(1)I +1)2"+'1)3+1)4+1)5 --// '5) 

is 

5 ] - 1  tn  ,-, ,~mod(1) 2 
Po I I ( 1 - a / 2 )  Y125~'34S~/~5')5L'1234 -°15S5Z1234 

i=1 
2 2 - 0t5{[1/(1 - a~)][R 2 + 0t5S5 

- 20tsRsS5 c0s(1#5 - ~5)] - 1 }Zt234 ) , (15) 

where 

zmod(l) 16[RIRERaR4 cos(1#l "~-1#2-~-1#3"lt-1#4-~-~r5 -1#5) 1234 : 
-°tlS1R2R3R4 c ° s ( ~ l  -'t-1#2 -'~- 1#3 "~- 1#4 + 1/]5 - 1#5) 

-- o~2R 1SzR3R 4 co s(1#1 + 1D" 2 21-1#3 -~- 1#4 + 1])'5 - 1#5) 

-]-...-+011012013014S1S2535 4 

X COS(l])" 1 + 1/r 2 -'[- 1~3 "q- 1D" 4 "-]- 1/3" 5 -- ~5)]" 

The contribution to P7 of  the prototype quartet term 

_ ( I  )YlZSY345PlPzP3P4PsY5 COS(1)l -~- 1)2 -~- 1)3 21-1)4 -- 1)5 @/£5) 

is 

P0 (1 -- I~ 2) ,r12~ g345 ~,A~5o5~1234 -- I~5S5Z1234 
i=1 

- - + 

- 2 ° t s R s S 5  c°s(1#5 - 95)] - 1 }Z1234), (16) 

where 

zmod(2) ~-- 16[RIR2R3R 4 cos(1# 1 _lt_ 1# 2 -÷-1#3 -lt- 1#4 @1#5 -- lit5) 1234 
-OtlS1R2R3R4 cos(lPl 'It- 1#2 -31-1#3 +1#4 't- 1#5 - 1D'5) 

- -  °tzR 1SzR3R4 co s(1#1 -q t- 113" 2 + 1#3 + 1#4 ~- 1#5 - 1])'5) 

.-~-....at-ff ! 0~20~3 0/4S 1 S2S3S 4 

x cos(~r 1 + l~r 2 + l~r 3 --[- 1])" 4 --]- 1#5 -- 1D'5)]. 

Let us now collect together the contributions arising 
from the following terms: 

~t1234PlP2P3P4 COS(1)I 21- 1)2 + 1)3 21- 1)4) 

and, for i = 5, 6, 7, 

1 Y12/}]34iPl P2P3 P4P 2 COS(1)I + I)2 + 1)3 -~- 1)4)' 2 
1 }]127Y3,~PlP2P3P4~2i COS(1) 1 _]_1)2+1) 3 +1)4)' 

_ / YI2/Y34~Pl P2P3P4PiYi COS(Pl "]- 1)2 "q- 1)3 "]- 1)4 "q- 1)i --/£i), 

_ 1 }/12iY34iPlP2P3PaPiYi COS(1)l +1)2-[-1)3 -{-1)4+/£i--1)i)" 

From (12)-(16), we find that the total contribution of 
the above terms is 

No (1 --I~/2) Z1234Y1234 + ~--~Z1234(1--1~/2) -1 
i=5 

× [Y12iY34iZi -Jr y12~Y347L7 + (Y127Y34i + Y12iY347)°tigi 
7 

-- (r12i~34i "71- Yl2i~/3'~)Oli $2] 21- ~ ( 1  - ot~) -1 
i=5 

I, , 7 m°d(2) , , 7m°d(l)'lO C "~ (17) 
X i./,12~/,34iLq234 --1- /,12ig34~-,--+1234 .~+,ioi , J 

where 

L i = (1 - ot/2)-l[R 2 + orEs 2 - 2o t i g iS i cos (1#  i - -  lpi)] -- 1 

L 7 = (1 -c~/2)-1[S? + otZR 2 - 2o l iRiS icos (1#  i - -  ~r i ) ] -  1. 

6. The joint probability distribution function of  seven 
pairs of structure factors 

In order to write the complete expression for the 
distribution PT, let us consider how the Fourier transform 
works when applied to (8). We have seen in the 
preceding section that the term 

PlP2P3P4 COS(Vl + V2 + V3 + 1)4) 
in the characteristic function C gives rise to the 16-term 
function Z1234. By analogy, each of the 16 cyclic terms of  
)]1234PlP2P3P4 COS(1)I -at- 1)2 "[- V3 -k- i)4) [see (9)] will  pro- 
duce a suitable Zijp, t function. For example, the term 
PlP2P3Y4 COS(1)I -~- !)2 + 1)3 + / £ 4 )  wil l  give rise to Z123~, 
the term p lP2Y3Y4  c o s ( v l  + v 2 + 1)3 + / 2 4 )  will give rise 
to Z12~ e t c .  For reader usefulness, we show here only the 
expression for Z123~: the reader can derive the other Z 
functions in a cyclic way. 

We have 

Z1234 = 16[R1R2R3S4 COS(1#I 21- 1#2 21- 1#3 + l~r4) 

- ~1S1R2R3S4  c0s($1 + 1#2 + 1#3 + aP4) 

-- ot2R1S2R3S4 cos(1#l -+- ~2 --I- 1#3 -t- 1]1"4) 

- ~3RIR2S3S4 cos(1#l + 1#2 + 1]t3 + l/f4) 

- otaR1R2R3R4 cos(1#l + 1#2 + 1#3 + 1#4) 

+ OtlOt2S1S2e3s4 cos(lPl + ~2 + 1#3 + ~4) 

+ OtlOl3SIR2S3S4 cos(1/fl + 1#2 + 1])3 -at- 1])4) 

+ OtlOtnS1R2R3e4 cos(lPl + 1#2 + 1#3 + 1#4) 

+ ot20t3R1S2S3S4 cos(1#l + 1/r 2 + 111" 3 + 11/"4) 

+ °t2°t4elS2R3R4 c°s(1#l + lP2 + 1#3 + 1#4) 

+ °t3°t4R1R2S3R4 c°s(1#l + 1#2 + lP3 + 1#4) 

--]- 011012013S1S2S3S4 cos(lP 1 -~- 111" 2 -a t- 1])"3 + 1D4) 

+ otlot20t4S1S2e3e4 cos (~ l  + ~2 + 1#3 + 1#4) 

+ ~IO13014S1R2S3R4 cos(1/rl + 1#2 -at- ~f3 + 1#4) 

+ ot20t30t4elS2S3R4 cos(1#l + l~r2 + 1])'3 + 1#4) 

"t- 011~2013SIS2S3R 4 cos(1/r 1 -~- 1/f 2 + 1/f 3 -a t- 1#4)]" 

If we regroup all the terms in the various ZijpO functions 
into: (a) the subset relative to cos(1#1 + 1#2 + 1#3 + 1#4); 
(b) the subset relative to cos(Tt 1 + 1#2 + 1#3 + 1#4); (c) 
e tc . ,  we will obtain the following 16 cumulative terms: 

2~1234RIR2R3R4 cos(1#l + 1#2 + 1#3 + 1#4) 

+ 2fli234S1R2R3R4 cos (~ l  + 1#2 + 1#3 + 1#4) 

+ 2~l~34R1S2R3R4 cos(1#l + ~2 + 1#3 + 1#4) 

+ 2~12~4R1R2S3R4 cos(1#l + 1#2 + lP3 + 1#4) 

+ . . .  + 2fli~S1S2S3S4 c o s ( ~ l  + ~2 + ~3 + 1D'4), 
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where 

1~1234 = 1 - 01 (}/1234 - 014}/1233, - 013}/1214 

- 012}/1`534 - 011}/1234 + 011012 Yi`534 "+ 011013YI214 

+ 011014}/i234 + 0120/3}/1'554 + 0120/4}/1`53,.75 

+ 013 014 }/1214 --  011 0/2013 ~234 -- 01 1 012014 ~23,$ 

- -  011013014~233, -- 012013014}/1233, + 011012013014~`534) 

] ~123 3, - ' -  (1 -- 012) (}/1234 -- 014}/1234 -- 01391214 
i=1 

-- 012}/1`53~ --  011Yi23~ + 011012Yi`53'i + 011013 Yi23~ 

+ °~1014~234 -'[- 012013 }/1213, '[- 012014}/1`534 

+ 013 014 }/1254 -- 011 012013 ~`533, -- 011 012014 }/1`534 

- -  011013014~234 -- 012013014}/1`534 + 011012013014}/i234) 

¢~i53a = (1 - -  012)  (~i `5] , i  - -  0 1 4 ~ ` 5 3 4  - -  013~'~`53,~ 

- -  012~i234 -- 011}/1`5] 3, -~-011 012}/123'~, + 011013}/1`53~, 

+ 011014}/1`534 "[- 012013~23 3, "[- 012014 }/1234 

+ 013014}/i`534 -- 011012013 }/1234 -- 011012014}/1234 

- -  011013014}/1`534 --  012013014}/i234 -- 011012013014}/1234)" 

If the contributions of the cross terms are taken into 
account [as we did in (17)] and we use the approximation 

(1 + x) _~ exp(x), 

we obtain the conclusive joint probability distribution 
function: 

7 
P7 "~ ~ ((1/rc2)[RiSi/( 1 - 012)] e x p { - [ 1 / ( 1  - 012)] 

i=1 

x [R 2 + S~ -- 201iRiSicos(e i -- t~i)]}) 

x (1  + y][2flij, RiRjR , cos((~/+ ~)j "-~ t~,) 
k i,j,l 

+ 2fliijtSiRjR, cos(ei  + qbj + (~l) 

-'~ 21~[jleisje I cos(t~i  + 1/)'j --[- t~l ) 

--]- 2~ i f i e i e j s  I cos(t~i--[-t~j -[- e l )  

+ 2fli)iRiSjS 1COS((~i + 1/fj "q- 1//'/) 

+ 2[3ifiSiRjSlCOS(e i + dpj + et)  

+ 2#i;ddiRt cos(e; + ~ + ~/) 
"4- 21~7]iSiSjS t c o s ( e  / "-]- e j  + e l ) ]  

+ I Y'~(Bij t + Bijt + Bi)~ + Bid + Bij~ + BiJ-t 
k i,j,l 

t B~] l t B?j?) + 2R1R2R3R 4 1~1234 + E (  1 --  012)-1 
i=5 

( /~mod(2)  /:/raod(l) ~ 
X [B1234iL i ~ B1234~L 7 - v'1234i ''[-''1234i J 

X (oli t  i --~ oliS2)] COS(t~l + t~2 -2 I- 4)3 -4- t~4 ) 

7 
+ ~ ( 1  _ t'ti'2x-lrom°d(2)) [D1234i COS(t~I "q- (~2 AI" t~3 71- t~4 

i=5 
rood(l) 

+ 1/ri-- ~ i ) + B 1 2 3 4 i  cos( t~l  + t ~ 2  + 4 ) 3  ] 4)4 

-- ~)i "]- e i )]RiSi  } + 2R1R2R3S4 ( ~123~ 

7 
-Ji- E ( 1  - 012)-X[n1237~it i --~ n1233,~t ~ 

i=5 
_ (Brood(2) _ nmod(1)\z -- 

x- 1234i "1- D123,~i )~,01il..,i AV 01iS2)] 
7 

X COS( t~I  + 4)2 + (~3 + ~ 4 ) q t  ~](1 012)-1 
i=5 

X ~r/3 m°'~2)~234~ c°s(4~l + 4,2 + 4~3 + e 4  + e i  + 4~i) 

mod(l) c o s ( ~ l  + ~2 qt 4) 3 + 1]r4 _ 4) i 4 e i )]RiSi  t { B123ii 
J 

"31-''" @ 251S2S3S4 ~i`514 -'~ ~-'](1 -012)-1 
i=5 

x [Bi`5]7~iL i q Bi`5~TL 7 (B m°d(2) 4 B m°d(1)) 
" 1234i - - - - 1 2 3 4 i  

× (01iLi--[-01iS2)] c o s ( e l  -4- e 2  + 1/)-3 Af_ 1/).4) 

7 
+ ~ ( 1  -012)-1 mm°d-(2) cos(el  + e2 + e3 t-- 1234i i=5 

mod(1) c o s ( e l  ~ e 2  + e3  "~ lP4 "11- l~ri -- ~)i) -JI- Bi`53~i 

l~r 4 --~)i"]" ei)]eisil I . (18) + 

In (18), only the terms useful for deriving the conditional 
distribution 

P(q~l + q~2 + q% + ~41Ri, S i ,  i = 1 . . . . .  7) 

are emphasized. We note: 
(a) the triple summation over i, j, l refers to the 

combinations (1,2,5), (3,4,5), (1,3,6), (2,4,6), 
(1,4, 7), (2, 3, 7) only; 

(b) t h e  i~ijl are def'med as 

/3 i j  I - - -  [ ( 1  - ~ ) ( 1  - 012)(1 - 0 1 2 ) ] - ,  (-01i01j01,YF7 
+ 01iOljYul ~ 01i011Yijl ~ 01j011Yijl 

-- 01iY ijl -- OljYijl -- 011}/ijl + }/ijl) 

~Tjl [(1 - 01~)(1 - 01])(1 2 1  - -  -- 011 )] (--OliO0011}/i]l 

2V 01i01j }/i fi -~- 01i011}/ij-1 "4- 01j011}/ F i 

- 01i}/u! - 01j } /Ft  - 01~}/ i i i  + }/ i j~) 

/~737 --  [(1 - # ) ( 1  - a~)(1 - 01~)1-1 (--01i01j01,}/ijl 

"q- 01i01j }/i j l AV 01i011}/i fi + Olj011}/ ijl 

-- 01i}/i]i -- 01j}/ ifi -- 011}/i]1 4- }/7]i); 
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(c) the Bot are defined as 

Bot = ~t[(1 - 0/2)(1 - 0/2)(1 - 0/2)]-ILiLjL ~ 

Bij ~ = ~ [ ( 1  - 0/2)(1 - 0/2)(1 - 0/2)]-ILiL.jL- l 

• ° 

Bi), = y~)~[(1 - 0/2)(1 - 0/2)(1 - 0/2)]-'L~L~i; 

 mod l [4 ] 
1234i : i-i( 1 __ 0/2)--1 (~12i~/34~ __ )/12i~32,i0/4 

i=1 

- -  " ' "  "at- )/i '2iY34i0/10/20/30/4) 

m°d(l)  [ 4 ] 
B123,~ i = ri(1 - 0/2)-1  (Y12iY34i - -  ]/12i]/34i0/4 

i=1 

- -  . . .  + ~/i~,i)/~4~0/10/20/30/4) 

(d) the various Bot p in the distribution (18) and their 
modified forms are defined as 

- -  ~12iY34i0/3 - -  " ' "  "j- )t i2iY34i0/10/20/30/4) 

B1237~i = [ ifl____l( l - 0/2)-l ] (}/12iY3z*i - Y12iY34i0/4 

- ) t l2 iY~i0 /3  - . . . - n  t- ~i~i~/]4i0/10/20/30/4) 

[4 ] 
B i ~ i  = I-I( 1 - -  0~2) -1  (YiSiY3?~i -- YiSiY54i0/4 

i=1 

- )ti2iY37~i0/3 - . . .  "-[- }/12iY34i0/10/20/30/4) 

[ 4  ] 
B1234~ = 1-I(1 - -  0 /2)-1  (Y12ig34i  - -  Y12i)t32,i0/4 

i=1 

- -  - ' '  + Yi27Y3~,~0/10/20/30/4) 

B 1 2 3 ~  = [ i=fll(1 - -  0 / 2 ) - 1 ]  ()/12i?'3~i - -  Y127Y34i0/4 

- -  . . .  + iYi~)/~4i0/10/20/30/4)  

i234i "-- (1 - -  0 /2) -1  ( Y i S _ i Y ~  - -  Yi2/Y34i0/4 

- -  . . .  + Y12i}/3470/10/20/30/4). 

7. Conclusions 

The distribution (18) is the main goal of this paper. It is 
the joint probability distribution of seven pairs of 
structure factors, whose indices are chosen so as to 
allow the estimate of the quartet phase invariants when 
the diffraction data from two isomorphous structures are 
available• Expression (18) is very complicated and does 
not immediately reveal its basic features. In particular, it 
is cumbersome for the protein case, to which this paper is 
particularly addressed, where the derivatives are obtained 
by addition of heavy atoms. In such a situation, it may be 
expected that (18) may be substantially simplified [see 
GCZ for simplification of the distribution (4)]. In the 
following paper (Giacovazzo & Siliqi, 1996), we will 
derive such a simpler distribution function and will apply 
it to real protein data. It is anticipated here that the results 
will be satisfactory and that the theoretical implications 
of the quartet theory contribute to a sounder interpreta- 
tion of the Hauptman and GCZ formulas for triplet 
invariants. 

Bi~;~7 = [ ifl__l(1- 0/~)-l] (yi~Y~;,~ - 

- -  . . .  -Jl- Y127~'3470/10/20/30/4) 

nm°d<2) 1 - -  0 /2) -1  (Y12iY34i "" 1234i = 

- -  . . .  -q- y i ~ ] ~ i 0 / 1 0 / 2 0 / 3 0 t 4 )  

] B123a i - -  (1 - -  0/2) -1  (~127Y3ai - -  

Yi21Y3410/4 

Y127 ~/3~,i0/4 

Yl 2iY34i0/4 

- -  " ' •  "~ Fi2iY34i0/10/20/30/4)  

B i ~ , i  = (1 - 0/2)-1 
i=1 

- . . .  + Y127Y3ai0/10/20/30/4) 

APPENDIX A 

The basic formulas used for the derivation of the joint 
probability distribution function (18) are here collected• 

(a) 
2zr 
f cos(r - s) exp{-i t[a cos(q - ~r) - b cos(r - z)]} dl: 
0 

= (-2rr i )[J l ( tQ)/Q][acos(q-  s) - b c o s ( r -  s)], 

(19) 

where 

Q2 = a 2 -Jr- b 2 - 2ab cos(q - r) 

and J1 is the Bessel function of the first kind of order 1. 
(b) 

O O  

f tzJ1 (Qt) exp(-p2t  2/2) d r  - (Q/p4) exp(_Q2/2p2). 
0 

(2o) 
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(c) 
oo 27r 
f t exp( -  ½p2t2) dt f exp{-it[a cos(q - r) 
0 0 

- b cos(r -- z)]} dr 

= (2rr/pZ)exp(-QE/2p2). (21) 

(d) 
oo 27r 
f t 2 exp(-½p2tE)dt f c o s @ -  r )exp{ - i t [acos (q-  r) 
0 0 

- b cos(r - r)]} dr 

= (-2rd/pg)[acos(q-  s) - b  c o s ( r -  s)] 

x exp(-Q2/2p2). (22) 

(e) 
oo 2rr 
f t 3 exp(-½p2tE)dt f exp{ - i t [acos(q-  r) 
0 0 

- b cos(r - r)]} dr 

= (4zr/p4)exp(-QE/2p2)(1 - QE/2p2). (23) 

APPENDIX B 

The integral of the first-order term in (5) may be written 
as 

(2n') -1226 (RiSi) f P~ exp(-pl2/2) f P2 e x p ( - d / 2 )  
0 0 

oo 2zr 27r 
X f P3 e x p ( - - ~ / 2 )  dpa dp2 dp3 f . . .  f e x p { - i 2  U2 

0 0 0 

× [P lRI  c o s ( ~ l  - Vl) -if- P2R2 cos( t~  2 - 132) 

3 oo 
d- P3R3 COS(t~3 --  1331]} dr1 d132 d133 1-[ f ~/i exp(-~i/2) 

i=l 0 
2~r 

× f exp{-iYi[21/2Si COS(~r 1 --  /Zi) 
0 

-- iotiPi COS(13i --  ~£i)]} dYi d /z i .  (24) 
The last limit may be evaluated by means of (21) and 
gives 

(2yr)3 exp{--=~l[S/2-°t2p2/2-i2a/2°tiPiSic°s(~i - 13i)]}" 
(25/ 

Then, (24) reduces to 

(2jO-9261-I[Rfliexp(-S])]l-I i e x p [ - l  (1-o~])p~ldpi 
i=l i=l 

2zr 
x f exp{-ipi[21/ZRi cos(~ i - 13i) 

0 

-- 21/2oliSi cos(t~i  --  I)i)]} d13 i } ,  

which, because of (21), reduces to 
3 3 

(270 -926 1-I[RiSiexp(--S2i)] I-I ([2:rr/(1-o~2)] 
i=1 i=1 

exp{-[1/(1 2 2 2 2 --0/i )][Ri -Jvol i S i x 

- ~inis i  cos(O,- 4'/)1}) 
3 

= ~r -6 II[Rfli/(1 - c~)] exp{-[1/(1 - ~)] 
i=l 

X [e  2 --}-- S 2 - 20tieiSicos(l~r i - t~ i ) ] } .  

APPENDIX C 

The integral of the term in (5) containing Y123 may be 
written as 

{ (2n')-1226 i~(RiSi) - i2-1/2y123 f P~ exp(-pl~/2) 
0 

x f p~ exp(-p~/2)  f p32 e x p ( - ~ / 2 ) d p l  dp2 dp3 
0 0 
27r 27r 

x f . . .  f cos(v 1 + v 2 + v3)exp{-i21/2 
0 0 

× [P lRI  cos(~b 1 - Vl) -k- R2R2 cos(~b 2 - v2) 

+ P3R3 cos(~b3 - / 3 3 ) ] }  dr1 d v  2 d v  3 

3 oo 2~r 
X l-I f Yi e x p (  - 1  y2) f e x p _ i y i [ 2 1 / 2 S i c o s ( ~ i _  [-£i) 

i=1 0 0 

-- iotip i COS(131 --  /Zi)] dYi d / z  i }. (26) 
The last line has been evaluated in Appendix B [see 
(25)]. Accordingly, (26) reduces to 

(27r)-926 1-I[RiS i exp(-S])]  - i 2 - 1 / 2 y 1 2  3 
i=1 

oo 

x f p~ exp[ - l (1  - u~)dldp2 
0 

x fp2exp[ -½(1  2 2 --  0~3)P3 ] dp3 3 
0 
2rt 

x f e x p  - ip2121/2R2 cos(t~2 - v2) 
0 

--  21/2c~2S2 c o s ( ~ r  2 - -  1,2) ] d v  2 

2rr 
x f exp - iP3121/2R 3 cos(t~3 - 133) 

0 

--  21/2°~3S3 c°s(1/r3 - 133)] d r 3  

2rr 2zr 
x f p2 e x p [ - ½ ( 1 -  ct2)p2] dpl f c0s(131 + 132 + 133) 

0 0 

x exp{-ipl[21/2Rl COS((~I --  1311 

--  21/2CtlS1 c o s ( l P l  - Vl)]} d131 }- 
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The last integral can be evaluated with (22) and is 

- [2:rri/(1 - 0~2)2][21/2R1 cos(~ a -t- v 2 -t- v3) 

- 21/2OtlS1 cos (~  1 -F v2 + v3)] exp{- [1 / (1  - or2)] 

x [R 2 q- ot2S 2 - 2OtlR1S 1 cos(~b 1 - ~1)]}. 

Integration with respect to the pairs (P2, v2) and (/93, !)3) 
may be accomplished via the same technique. 
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